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We obtain a prediction for the hadron-collider event-shape variable transverse thrust in which
the terms enhanced in the dijet limit are resummed to next-to-next-to-leading logarithmic accuracy.
Our method exploits universality properties made manifest in the factorized expression for the cross
section and only requires one-loop calculations. The necessary two-loop ingredients are extracted
using known results and existing numerical codes. Our technique is general and applicable to other
observables as well.
PACS numbers: 12.38.Cy, 13.66.Bc, 13.85.-t, 13.87.Ce
Event-shape variables are an important tool to charac-
terize QCD effects at colliders. They are designed to mea-
sure geometrical properties of energy flow in collisions
and provide information about the distribution of parti-
cles in the final state. Due to their inclusive nature, they
can be computed perturbatively and have only mild sen-
sitivity to hadronisation effects. Such observables were
among the first proposed to test QCD and can also help in
discriminating new-physics effects against the Standard-
Model background. Traditionally event shapes have been
mostly used in leptonic collisions, but they are also of
great interest in the richer environment of hadronic col-
lisions. There is, for instance, a lot of recent work using
event shapes as a tool to study jet substructure, and they
can also be instrumental in improving our knowledge of
some poorly understood aspects of hadronic collisions,
such as underlying-event (UE) effects. In this Letter, we
provide results for the archetypical hadron-collider event-
shape variable, transverse thrust, at an unprecedented
level of accuracy.
A large class of dijet event shapes for hadronic colli-
sions was defined in Refs. [1, 2], using only momentum
components ~p⊥ transverse to the beam direction, in or-
der to reduce sensitivity to the beam remnants. We will
denote a generic transverse event-shape variable by e⊥.
The classic example is e⊥ = τ⊥ = 1 − T⊥, where the
transverse thrust T⊥ is defined as
T⊥ := max
~n⊥
∑
m |~pm⊥ · ~n⊥|∑
m |~pm⊥|
. (1)
The sums run over final-state particles m. Transverse
thrust has been measured at the LHC [3–7] and previ-
ously also at the Tevatron [8]. In the dijet limit e⊥ → 0,
higher-order terms enhanced by logarithms of e⊥ need to
be resummed in order to obtain reliable theoretical pre-
dictions. This resummation was performed at next-to-
leading logarithmic (NLL) accuracy in Refs. [1, 2] within
an automated framework [9] (for leptonic collisions this
was recently extended to next-to-next-to-leading loga-
rithmic (N2LL) accuracy in Ref. [10]).
In Ref. [11] we performed an analysis of transverse
thrust within the framework of Soft Collinear Effective
Theory (SCET) [12–14] (see Ref. [15] for a review) and
obtained a factorized expression for the cross section that
permits resummation of terms enhanced in the dijet limit
to arbitrary accuracy. For a generic e⊥ the factorization
formula can be written as (⊗ denotes a convolution)
dσ
de⊥
=
∑
a,b,i,j
P ab→ijIJ ⊗Sab→ijJI ⊗ Ji⊗ Jj ⊗Ba⊗Bb , (2)
where the sum runs over different partonic channels.
Here and below, the letters a and b denote initial-state
partons and i and j final-state ones. In the above equa-
tion, the factor P ab→ijIJ encodes effects at the hard scat-
tering scale Q. It includes two parts: a hard function
Hab→ijIJ and a so-called collinear-anomaly term, which
involves hard-scale effects related to large rapidity differ-
ences among emitted particles. Sab→ijJI is the soft func-
tion, encoding effects of lower-energy soft radiation; it is
contracted with the hard function via the color indices
I and J . The jet and beam functions Ji and Ba encode
the collinear radiation of the final- and initial-state parti-
cles, respectively; the latter also contain the usual parton
distribution functions (PDFs).
We provided all ingredients of the factorization for-
mula for τ⊥ at one-loop accuracy in Ref. [11]. However,
to achieve N2LL accuracy, one also needs their two-loop
anomalous dimensions and the two-loop result for the
collinear anomaly. In the present Letter, we determine
these ingredients and achieve, for the first time, N2LL ac-
curacy for a transverse event shape. By fully exploiting
universality properties of Eq. (2), we manage to extract
the missing ingredients from simple numerical computa-
tions. Since the same properties hold for any observ-
able e⊥, our method can be used to obtain N2LL ac-
curacy for other hadron-collider observables. Combined
with numerical one-loop computations of the relevant jet,
soft and beam functions, one could thus obtain an au-
tomated effective-field-theory based N2LL resummation
framework for hadron-collider event-shapes. Our results
therefore open the door to many new studies, and sev-
eral interesting applications are envisaged, as will be dis-
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2cussed at the end.
For the following discussion, it is useful to take the
Laplace transform of the cross section, which factorizes
it into a simple product rather than a convolution. Ad-
ditionally, it will be crucial to consider, apart from dijet
production in hadronic collisions as in Eq. (2), also lep-
tonic collisions, e+e− → dijet, and dilepton production
in hadronic collisions, pp → e+e−. For a given partonic
channel, the Laplace-transformed cross sections t˜(κ) for
the three cases read
ab→ ij : t˜(κ) ∼ Hab→ijIJ
(
Q2
κ2
)−Fab→ij(κ)
S˜ab→ijJI (κ)
×B˜a(κ)B˜b(κ)J˜i(κ)J˜j(κ), (3)
e+e− → ij : t˜(κ) ∼ Hij
(
Q2
κ2
)−F ij(κ)
S˜ij(κ)J˜i(κ)J˜j(κ),
ab→ e+e− : t˜(κ) ∼ Hab
(
Q2
κ2
)−Fab(κ)
S˜ab(κ)B˜a(κ)B˜b(κ),
where the tilde always denotes a Laplace transform. We
have explicitly indicated the partons upon which each of
the elements in the formula depend. The hard function
Hab→ij does not depend on the observable and is ob-
tained directly from the QCD amplitudes for the given
partonic channel. The one-loop results of these, needed
for N2LL resummation, are well known. The F ab→ij term
is the collinear anomaly and, together with the rest of the
functions, does depend on the observable. Factorization
constraints require that F ab→ij = F ab + F ij and that
different partonic channels for each of the two terms are
related by a global factor involving only Casimir oper-
ators [11]. Not all observables suffer from F ab and F ij
anomalies. For instance for transverse thrust only F ab is
present, while thrust minor has both. If an observable in-
volves a final-state anomaly F ij , it can be affected by soft
recoil effects. In this case F ij (as well as the jet and soft
functions) will depend on the recoil momentum, which
would complicate the numerical procedure proposed be-
low. For the moment, we restrict ourselves to observables
which are recoil insensitive, like those defined using the
broadening axis [16].
The cross sections t˜(κ) must be renormalization group
(RG) invariant, i.e. independent of the renormalization
scale µ. Moreover, since the jet and beam functions
renormalize multiplicatively, the different partonic chan-
nels are separately RG invariant. The RG equations for
the various elements of the factorization formulas are all
of the form
d
d lnµ
f˜(L, µ) = [−Cf γcuspL+ γf ] f˜(L, µ) , (4)
where L := ln
Λf
µ , Λf is the characteristic scale of the
function f˜ , γf its anomalous dimension, and Cf a com-
bination of Casimir operators. γcusp is the universal cusp
anomalous dimension. For those functions which are ma-
trix valued, the above equation holds after diagonaliza-
tion. By solving the RG equations we obtain the re-
summed cross section. To achieve N2LL resummation ac-
curacy we need γcusp at three loops, γf at two loops, the
one-loop expressions for the soft, jet, and beam functions,
and the anomaly exponent at two loops. The three-loop
γcusp is known [17]. In Ref. [11] we computed the soft,
jet, and beam functions for τ⊥ at one loop. In the follow-
ing we describe a general method to obtain the two-loop
γf ’s and anomaly exponent.
Due to RG invariance, the anomalous dimensions of
the different objects in Eqs. (3) must sum up to zero,
γHab→ij + γSab→ij + γBa + γBb + γJi + γJj = 0, (5)
γHij + γSij + γJi + γJj = 0, (6)
γHab + γSab + γBa + γBb = 0. (7)
The hard anomalous dimensions are all known at the re-
quired accuracy from the general results of Refs. [18, 19].
To determine the remaining anomalous dimensions, we
first consider the process pp→ e+e−, which is mediated
by the partonic channel qq¯ → γ∗ → e+e−. If we use the
standard form of the analytic phase-space regulator and
regularize the phase space according to [20],∫
ddk δ(k2) θ(k0)→
∫
ddk δ(k2) θ(k0)
(
ν
nb · k
)α
, (8)
where nb is a light-like vector in the direction of parton
b, then the corrections to the soft function only involve
scaleless integrals, since e⊥ only depends on ~k⊥. The
soft anomalous dimension γSab is therefore zero. Eq. (7)
then implies that γBq is just given by the hard anoma-
lous dimension. By considering as well pp → γγ, me-
diated by the partonic channel gg → H → γγ (H rep-
resents the Higgs here), the same conclusion applies for
the gluon beam function. Therefore we have γBa = γ
a,
where γa are the well-known quark or gluon anomalous
dimensions [19].
Next, we consider the lepton-collider case. For ob-
servables that involve an anomaly F ij , the soft and jet
functions have the same characteristic scales. One then
only needs their product, whose anomalous dimension is
directly given by γH , though one will need to determine
F ij as will be discussed below. Let us therefore consider
F ij = 0, as is the case for transverse thrust. From the
process e+e− → qq¯, the two-loop anomalous dimension
γSqq can be numerically obtained by comparing the pre-
diction of the factorization formula with the outcome of
a fixed-order code like EVENT2 [21],1 as was done for τ⊥
in Ref. [11]. The relation Eq. (6) then determines γJq
1 In the future this step can be replaced by a numerical evaluation
of the two-loop soft function [22].
3at two loops. To also obtain γJg , we can consider the
process e+e− → H → gg. At two loops the soft anoma-
lous dimension for this process can be obtained from γSqq
by Casimir scaling, i.e. by multiplying it by the ratio of
the Casimirs in the adjoint and fundamental representa-
tions, CA/CF , since the only difference between the two
cases is the color representation of the soft Wilson lines.
Equation (6) then determines γJg . Explicitly for τ⊥ [11],
γ1Jg = γ
g
1 − C2A
(
74+15−10
)
+ CATFnf
(
9+1.5−1.0
)
, (9)
where TF = 1/2, nf is the number or light flavors, and
the anomalous dimensions are expanded in the strong
coupling αs as γ =
∑
n γn(αs/4pi)
n+1. With the anoma-
lous dimensions of the hard, jet and beam functions
at hand, we then immediately obtain the soft-function
anomalous dimensions for any partonic channel ab → ij
from Eq. (5).
The last missing ingredient for N2LL accuracy is the
two-loop anomaly. We explain in the following how to
obtain it for transverse thrust using the process pp →
e+e−. For recoil-free observables that also involve a final-
state anomaly F ij an analogous procedure is repeated
in the leptonic case. (For recoil-sensitive observables the
method would need to be repeated for different recoil val-
ues to reconstruct the anomaly as a function of recoil.)
The strategy to obtain F ab is to define a new observable
that coincides with τ⊥ for one emission and for which
the anomaly is known, and then compute the difference
of this new observable with τ⊥. Since the computation of
this difference only involves multiple emission diagrams,
it reduces at order α2s to evaluating a double-emission
tree-level contribution. The same strategy was used in
Refs. [23–25], in the context of jet-veto cross sections.
Denoting the momentum of the lepton pair by q, we de-
fine a new observable S⊥, according to
S⊥ := |~q⊥|−|~q⊥ ·~n⊥| = |
∑
m
~pm⊥|−|
∑
m
~pm⊥ ·~n⊥|, (10)
where the sums run over hadronic final states. For trans-
verse thrust we instead have
T⊥ := Q⊥τ⊥ =
∑
m
(|~pm⊥| − |~pm⊥ · ~n⊥|) , (11)
where, for τ⊥ → 0, Q⊥ = Ee+ | sin θe+ | + Ee− | sin θe− |,
with Ee± and θe± the energies and angles with respect
to the beam of the two leptons. Note that the electron
and the positron define the thrust axis, i.e. at leading
order in the SCET power counting they are the only par-
ticles with large transverse momentum for τ⊥ → 0, and
therefore do not need to be included in the sum over m in
Eq. (11). It is then clear that S⊥ and T⊥ start differing
when there are at least two emissions. Since S⊥ is defined
in terms of ~q⊥, it can be obtained at two-loop accuracy
from the known results for the Drell-Yan cross section
σDY at small transverse momentum, which in Laplace
space has a factorized form with a structure analogous
to Eq. (3). We can translate σDY into a result for S⊥
by inserting a δ function enforcing the appropriate con-
straint and integrating over ~q⊥
dσ
dS⊥ =
∫
d2q⊥δ(S⊥ − |~q⊥|(1− | cosφ|))d
2σDY
d2q⊥
, (12)
where φ is the angle between ~q⊥ and ~n⊥. From Eq. (12)
we obtain the fixed-order expansion of the S⊥ distribu-
tion at two loops. This expression involves the two-loop
anomaly exponent
F qq¯(L) =
αs
4pi
CFΓ0L+
(αs
4pi
)2
CF
(
Γ0β0
L2
2
+ Γ1L+ d
q
2
)
,
(13)
which we have written in terms of a logarithm L of the
relevant variable for the process. In this expression Γi,
βi are the coefficients of γcusp and the beta function, and
dq2 was determined in Ref. [26]. An analogous expression
can be obtained for the expansion of the T⊥ distribution.
It has the same structure but involves an unknown two-
loop constant d⊥2 , which we want to determine. With
these expressions we can compute the difference of the
two distributions. Evaluating it explicitly, we verify that
it vanishes at the one-loop level. At the two-loop level it
involves a term proportional to dq2−d⊥2 which is accompa-
nied by a logarithm of Q. On the other hand, we can also
compute this logarithmic piece of the difference directly.
The logarithm is due to the rapidity difference between
soft and collinear emissions, and its coefficient can be
extracted from the rapidity divergences of the beam or
soft functions. It is convenient to extract it from the soft
function, since the relevant amplitudes are simpler. With
the standard form of the analytic regulator, Eq. (8), the
soft function is scaleless and vanishes, but we can use a
symmetric regulator∫
ddk δ(k2)θ(k0)
[(
ν
nb · k
)α
θ(nb · k − na · k) + (a↔ b)
]
,
(14)
for which the soft function is nonzero and its divergences
cancel against the ones of the beam functions. To per-
form the calculation, we need the tree-level two-emission
soft amplitude squared, which was given in a convenient
form in Refs. [27, 28]. It is easy to isolate and perform
the integration that produces the 1/α divergence in the
analytic regulator, and the remaining integrations can be
performed numerically (we used the Cuba library [29]).
Combining these results with the known value of dq2 [26],
we obtain2 the two-loop anomaly coefficient for τ⊥
d⊥2 = (208.0± 0.1)CA + (−37.191± 0.006)TFnf . (15)
2 We thank Guido Bell and Rudi Rahn for crosschecking this result
and pointing out an algebraic mistake, which affected the value
in the original version of this paper.
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FIG. 1. Resummed cross section for e+e− → dijet at NLL accuracy (red/lighter lines and bands) and at N2LL accuracy
(black/darker lines and bands), together with the fixed-order results at O(αs) (brown/lighter points) and at O(α2s) (blue/darker
points). Left panel: regular thrust; right panel: τ⊥. The solid lines are always pure resummation, and the dashed ones (barely
visible in the regular-thrust case) are the resummed results with additive matching to the fixed-order calculation obtained with
EVENT2.
We have cross-checked this result by comparing the pre-
diction of the factorized formula with the output of the
fixed-order code DYNNLO [30, 31] at low values of τ⊥
and find good agreement.
Having obtained all the two-loop anomalous dimen-
sions and the two-loop anomaly exponent, we have es-
tablished N2LL resummation accuracy for τ⊥ at hadron
colliders. It is worth emphasizing the huge simplifica-
tions that separating the effects from the different rele-
vant physical scales brought about. After computing the
one-loop soft, jet, and beam functions, this allowed us
to obtain all the required two-loop coefficients using a
fixed-order code for leptonic collisions, with no need to
perform new two-loop calculations.
Let us now illustrate the effect of the resummation
for transverse thrust. Since there are several ingredients
that enter in the factorized formulas, it is instructive to
consider: (1) e+e− → qq¯, which involves only soft and
jet functions, and (2) pp → e+e−, which complementar-
ily involves only beam functions and the anomaly. We
show in Fig. 1 the resummed cross section in the lepton-
collider case, compared with the corresponding results for
regular thrust. Fig. 2 shows transverse thrust, for both
the e+e− and pp case, plotted as a function of ln τ⊥.
The plots are obtained by taking the derivative of the
resummed expression for the cumulant, and we normal-
ize the Ni+1LL result to σi, the total cross section in-
cluding O(αis) corrections. Our default scale choices are
µsoft = 4Qτ⊥, µjet = 2Q
√
τ⊥, in the e+e− case, and
µbeam = 2c0Qτ⊥ in the pp case (ln c0 := 4G/pi, where G
is the Catalan constant); they are set after integration
over the scattering angle, i.e. the angle of the thrust axis
to the beam axis (see [11] for more details on the default
scale choices). We set the hard scale to Q = MZ , use
NNLO MSTW 2008 PDFs [32], and αs(MZ) = 0.11707.
The bands in the plots represent the changes induced by
varying each of the scales by a factor of two and then
adding the individual scale-variation bands in quadra-
ture.3 Let us note that in the N2LL pp curve we exponen-
tiated the O(αs) terms in the anomaly and the δ-function
part of the beam functions. Without this exponentiation,
the large one-loop corrections would lead to a negative
cross section below ln τ⊥ ≈ −4.5. Quite generally, we
find that the N2LL corrections are large, especially in
the hadron-collider case and that the lower-order scale-
uncertainty bands tend to underestimate these effects.
For completeness, we also included results matched to
the fixed-order computation, NiLL+O(αis) in the e+e−
case and NiLL+O(αs) in the pp case; if future analyses
require it, the matching could be extended to O(α3s) in
the e+e− case using EERAD3 [34] and at O(α2s) in the pp
case using DYNNLO. We can clearly see that resumma-
tion is a quite important effect in both e+e− and pp cases.
A comprehensive phenomenological analysis of the dijet
case and other phenomenologically relevant processes like
pp→ Z + jet [6] or pp→ ZZ, is beyond the scope of this
Letter and will be presented elsewhere. All the ingre-
dients needed to produce the resummed results for the
different processes are being implemented into a numer-
ical code, to be made publicly available in the future.
The factorization theorem Eq. (2) resums all large loga-
rithms in the partonic cross section but assumes that the
hadronic cross section is obtained by convoluting with
PDFs. It has been argued that for hadronic event shapes
also Glauber gluons will contribute [35, 36], which are not
3 We work with nf = 5 but for small τ⊥ some scales cross the
b-quark threshold, which leads to small spikes in the plots. To
avoid this unphysical behavior, one should decouple heavy fla-
vors, as was done for non-anomalous processes e.g. in Ref. [33].
We leave this for future work.
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FIG. 2. Transverse thrust cross section for e+e− → dijet (left) and pp → Z → e+e− (right), color coding as in Fig. 1. The
fixed-order results are computed with DYNNLO.
captured by the standard factorization. The correspond-
ing effects should be analyzed in SCET and included if
present. A comparison of our results with data may shed
some light on the issue of Glauber-gluon effects and help
to clarify their relation to UE effects. A better under-
standing of these effects should also help to assess to
what extent UE effects are mitigated when certain com-
binations of event shapes are used [8]. For this purpose,
τ⊥ in pp→ e+e− shown here is particularly useful, since
it is one of the simplest processes that is affected by UE
effects. It would thus be interesting to have precise LHC
data for it and to carefully compare with our results.
Once the UE is better understood, one could construct
a combination of event shapes that is as insensitive to
it as possible to obtain a novel determination of αs at
much higher energies than what has been done before
with leptonic event shapes.
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